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Abstract
Let K be a satellite (1,1)-knot in S3 and T an essential torus in the exterior of K . Suppose that
there is a closed orientable essential meridionally incompressible surface, say F . We show that F is
always isotopic to the essential torus T . To this end, we study compact orientable essential surfaces in
the exterior of non-trivial 2-bridge links. Moreover, we characterize (1,1)-splittings of (1,1)-knots
containing F in their exterior by using the concept of the distance of (1,1)-splittings.
 2004 Published by Elsevier B.V.
MSC: primary 57M25; secondary 57N10
Keywords: Incompressible surfaces; (1,1)-knots; The distance of (1,1)-splittings
1. Introduction
Let K be a (1,1)-knot in a closed connected orientable 3-manifold M and (W1,W2;P)
a (1,1)-splitting of (M,K), where Wi is a pair of a solid torus Vi and a trivial arc ti in
Vi for each i = 1 and 2. (1,1)-knots form an important class of knots and are studied in
various contexts. (See, for example, [7,10–12].)
A knot K in the 3-sphere S3 is called a satellite knot if the exterior E(K;S3) con-
tains an essential torus. It is known that a knot K in S3 is a satellite (1,1)-knot if and
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and K1 ∪ K2 a 2-bridge link of type (α,β) (α  4) (cf. [13, Chapter 10]). Then we ob-
tain (S3,K) from (E(K0;S3),∅) and (E(K1;S3),K2) by identifying the boundaries by
a homeomorphism which takes a meridian of K1 on ∂E(K1;S3) to a fiber of the Seifert
fibration D(−r/p, s/q) of E(K0;S3) on ∂E(K0;S3) (see [11, Theorem 1.1]). We remark
that these are the only satellite tunnel number one knots (cf. [11]).
There are (1,1)-knots, denoted by K(α,β; r), obtained by a construction similar to
that of satellite knots. Let K1 ∪ K2 be a 2-bridge link of type (α,β). Then K(α,β; r)
denotes the knot K2 in K1(r), where K1(r) is the manifold obtained by r-surgery on K1
(cf. Chapter 9 of [13]). Note that K1(r) ∼= S3, S2 × S1 or a lens space. By an argument
similar to that in Section 1 of [11], we can see that K(α,β; r) is a (1,1)-knot in K1(r) for
any 2-bridge link and surgery coefficient r . Such (1,1)-knots are studied in several papers
(see, for example, [3,4,6,14]).
In [14], the author introduced the concept of the “distance” of (1,1)-splittings of (1,1)-
knots, which is an analogy of the distance of Heegaard splittings defined by Hempel [8],
and showed that the above (1,1)-knots (satellite (1,1)-knots and K(α,β; r)) form typical
classes of (1,1)-knots from the viewpoint of the distance. Here is the definition of the
distance of (1,1)-splittings of (1,1)-knots.
Let K be a (1,1)-knot in a closed connected orientable 3-manifold M and (W1,W2;P)
a (1,1)-splitting of (M,K) with Wi = (Vi, ti) (i = 1 and 2) as above. The distance of a
(1,1)-splitting (W1,W2;P) is defined by using the curve complex of the twice punctured
torus Σ = P \K . (For a connected orientable surface S of genus g with n punctures, the
curve complex C(S) of S is the complex whose k-simplices are the isotopy classes of k+1
collections of mutually non-isotopic essential loops in S which can be realized disjointly.)
For x and y, vertices of C(Σ), the distance d(x, y) between x and y is defined to be the
minimal number of 1-simplices among all simplicial paths joining x to y. For i = 1 or 2, let
K(Wi) be the maximal subcomplex of C(Σ) consisting of simplices 〈c0, c1, . . . , ck〉 such
that the loops corresponding to the vertices c0, c1, . . . , ck bound mutually disjoint disks in
Vi\ti .
We define the distance of a (1,1)-splitting (W1,W2;P) by
d(W1,W2) = d
(K(W1),K(W2))
= min{d(x, y) | x: a vertex in K(W1), y: a vertex in K(W2)}.
In [14], the author proved that if there is a (1,1)-splitting (W1,W2;P) of (S3,K) with
d(W1,W2) 2, then K is one of the following:
(1) a trivial knot,
(2) a 2-bridge knot,
(3) a torus knot,
(4) a satellite knot and
(5) K(α,β; r) for some α, β and r .
Conversely, it is also proved that if K is a knot of type (1), (2), (3) or (4), then
d(W1,W2) 2 for any (1,1)-splitting of (S3,K). However, it is not known whether every
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result implies that if there is a (1,1)-splitting (W1,W2;P) of (S3,K) with d(W1,W2) 3,
then K is a hyperbolic knot. For details, see [14].
In this paper, we study (1,1)-knots of types (4) and (5) above containing closed
orientable essential meridionally incompressible surfaces of positive genus in its exteri-
ors. Note that the trivial knot, the 2-bridge knots and the torus knots contain no closed
orientable essential meridionally incompressible surfaces in their exteriors (cf. [5, Theo-
rem 1.1] and [16, Theorem]). Note also that in [1], Eudave-Muñoz constructed all (1,1)-
knots whose exteriors contain closed orientable essential meridionally incompressible sur-
faces of genus g  1. By the constructions described above, it is natural to study essential
surfaces in the exteriors of 2-bridge links. The first result of this paper is concerned with
this, and we prove the following theorem.
Theorem 1.1. Let L = K1 ∪ K2 be a non-trivial 2-bridge link. Then the following holds:
(1) E(L;S3) does not contain a closed orientable essential surface which is meridionally
incompressible in (S3;L).
(2) If F ⊂ E(L;S3) is an orientable essential surface so that ∂F ⊂ ∂E(K1;S3)
and that F is ∂-incompressible in E(L;S3) and meridionally incompressible in
(E(K1;S3),K2), then the number of components of ∂F is two and each component
of ∂F intersects µ transversely in a single point, where µ is a meridian of K1 in
∂E(K1;S3).
By using Theorem 1.1, we obtain the following (Theorem 1.2 and Corollary 1.3). For
satellite (1,1)-knots, we have:
Theorem 1.2. Let K be a (1,1)-knot in S3. Suppose that E(K;S3) contains an essential
torus T . Then every closed orientable essential surface of positive genus in E(K;S3)
which is meridionally incompressible in (S3,K) is isotopic to the essential torus T .
Note that in [1], Eudave-Muñoz asked the following question. Is it possible for the ex-
terior of a (1, 1)-knot to have two non-isotopic closed orientable essential meridionally
incompressible surfaces? Theorem 1.2 shows that the answer to this question is negative
for satellite (1,1)-knots. We remark that Theorem 1.2 also implies that a (1,1)-knot which
contains a closed orientable meridionally incompressible surface of genus g  2 is hyper-
bolic.
The next result is an easy consequence of Theorem 1.1, and it implies that if K(α,β; r)
contains a closed orientable essential meridionally incompressible surface in its exterior,
then the surgery coefficient r must be a non-zero integer. Note that in [4], Goda, Hayashi
and Song show that there exists (1,1)-knots of type K(α,β; r) containing an essential
meridionally incompressible torus in their exteriors.
Corollary 1.3. Set K = K(α,β; r) for some integers α, β and r . Suppose that E(K;K1(r))
contains a closed orientable essential surface of positive genus which is meridionally in-
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if K1(r) = S3, then r = 1 or −1.
Recall that Eudave-Muñoz constructed all (1,1)-knots whose exteriors contain closed
orientable essential meridionally incompressible surfaces of positive genus. By using The-
orem 1.2 and Corollary 1.3, we obtain the following.
Corollary 1.4. Let K be a (1,1)-knot in S3 and (W1,W2;P) a (1,1)-splitting of (S3,K).
Suppose that E(K;S3) contains a closed orientable essential surface of positive genus
which is meridionally incompressible in (S3,K). If K = K(α,β;±1) for any coprime
integers α and β , then d(W1,W2) 3.
2. Preliminaries
Throughout this paper, we work in the piecewise linear category. Let B be a sub-
manifold of a manifold A. The notation N(B;A) denotes a regular neighborhood of B
in A. By E(B;A), we mean the exterior of B in A, i.e., E(B;A) = cl(A\N(B;A)). The
notation | · | is the number of connected components. Throughout this section, let M be a
3-manifold.
Definition 2.1. A 2-manifold F properly embedded in M is said to be compressible in M
if there is a disk D ⊂ M such that D ∩ F = ∂D and ∂D does not bound a disk in F . The
disk D is called a compression disk of F . We say that F is incompressible in M if F is not
compressible in M .
Definition 2.2. Let F be a 2-manifold properly embedded in M . Suppose that ∂M = ∅
and ∂F = ∅. We say that F is ∂-compressible in M if there is a disk D ⊂ M such that
D ∩F = ∂D ∩F =: α is an arc which does not cut off a disk in F , and cl(∂D\α) is an arc
in ∂M . The disk D is called a ∂-compression disk of F . We say that F is ∂-incompressible
in M if F is not ∂-compressible in M .
In this paper, a surface means a compact connected 2-manifold.
Definition 2.3. Let F be a surface. A simple loop in F is said to be inessential in F if the
loop cuts off a disk or an annulus from F . A simple loop in F is said to be essential in F
if the loop is not inessential in F .
Definition 2.4. Suppose that ∂M = ∅. Let F be a surface properly embedded in M . We
say that F is ∂-parallel in M if F is isotopic into ∂M relative ∂F .
Definition 2.5. Let F be a surface properly embedded in M . We say that F is essential in
M if F is incompressible in M and is not ∂-parallel in M .
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Definition 2.6. Suppose that M is connected. Let F be a surface properly embedded in M .
Let S be a surface such that S cuts M into two connected 3-manifolds M1 and M2, that F
intersects S transversely and that F ∩ Mi is ∂-compressible in Mi toward S (i = 1 or 2),
i.e., there is a ∂-compression disk of F ∩ Mi in Mi , say D, such that β := cl(∂D\α) ⊂ S,
where α := ∂D ∩ F . An isotopy of type A along D is an ambient isotopy on M which
moves α along D to push it out of Mi past β (cf. [9, Chapter II]).
Remark 2.7. Let S, M1, M2, F and D be as in Definition 2.6, and let F ′ be a surface
obtained from F by an isotopy of type A along D toward S. Then for (i, j) = (1,2) or
(2,1), F ′ ∩Mj ∼= (F ∩Mj)∪N(α;F), and F ′ ∩Mi ∼= cl((F ∩Mi)\N(α;F)), i.e., F ′ ∩Mi
is homeomorphic to a surface obtained by cutting F ∩ Mi along α.
Definition 2.8. Let S, M1, M2, F and D be as in Definition 2.6, and let F ′ be as in Remark
2.7. A disk D∗ is called a dual disk of D if D∗ is a ∂-compression disk of F ′ ∩Mj cutting
the band which is obtained by an isotopy of type A along D (cf. Fig. 1).
Definition 2.9. Let L be a link in a connected 3-manifold M . A 2-manifold F properly
embedded in E(L;M) is said to be meridional if ∂F is a non-empty collection of meridian
curves in ∂N(L;M).
Definition 2.10. Let L be a link in a connected 3-manifold M and F a 2-manifold properly
embedded in E(L;M). We say that F is meridionally compressible in (M,L) if there is a
disk D ⊂ M such that D ∩ F = ∂D, |D ∩ L| = 1 and ∂D is essential in F . The disk D is
called a meridional compression disk of F . We say that F is meridionally incompressible
in (M,L) if F is not meridionally compressible in (M,L).
Definition 2.11. Let M be a closed connected orientable 3-manifold. The triple (V1,V2;S)
is called a genus g Heegaard splitting of M if Vi (i = 1 and 2) is a genus g handlebody
with M = V1 ∪ V2 and V1 ∩ V2 = ∂V1 = ∂V2 = S.
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is a disk D in V with t ⊂ ∂D and ∂D\t ⊂ ∂V . Such a disk D is called a cancelling disk
of t .
Definition 2.13. Let M be a closed connected orientable 3-manifold. A knot K in M is
called a (1,1)-knot if (M,K) = (V1, t1) ∪P (V2, t2), where (V1,V2;P) is a genus one
Heegaard splitting and ti is a trivial arc in Vi (i = 1 and 2). Set Wi = (Vi, ti) (i = 1 and
2). We call the triple (W1,W2;P) a (1,1)-splitting of (M,K).
Definition 2.14. Let W = (V , t) be a pair of a solid torus V and a trivial arc t in V .
A simple loop in ∂V \t is said to be inessential in ∂V \t if the loop cuts off a disk whose
interior contains at most one component of ∂t . A simple loop in ∂V \t is said to be essential
in ∂V \t if the loop is not inessential in ∂V \t .
Definition 2.15. Let W = (V , t) be a pair of a solid torus V and a trivial arc t in V .
An essential loop in ∂V \t is called an ε-loop (an ι-loop respectively) if it is essential
(inessential respectively) in ∂V .
Definition 2.16. Let W = (V , t) be a pair of a solid torus V and a trivial arc t in V , and let
D be a properly embedded disk in V .
(1) D is called an ε-disk in W if D ⊂ V \t and ∂D is an ε-loop.
(2) D is called an ι-disk in W if D ⊂ V \t and ∂D is an ι-loop.
Definition 2.17. Let V be a solid torus, t a trivial arc in V and A an annulus in ∂V \t .
Set W = (V , t;A). Let F be a 2-manifold properly embedded in V \t . The 2-manifold
F is said to be ∂-compressible in (V , t) toward ∂V \A if there is a disk D ⊂ V \t such
that D ∩ F = ∂D ∩ F =: α is an arc which does not cut off a disk in F disjoint from A
and that cl(∂D\α) is an arc in ∂V \A. The disk D is called a ∂-compression disk of F in
(V , t) toward ∂V \A. We say that F is ∂-incompressible in (V , t) toward ∂V \A if F is not
∂-compressible in (V , t) toward ∂V \A.
3. Surfaces in the exteriors of 2-bridge links
In this section, we prove Theorem 1.1. The key idea of the proof of Theorem 1.1 is
to consider the sequence of surfaces obtained by isotopies of type A, which is originally
found in [9] and is intensively used in [15].
Throughout this section, let L = K1 ∪ K2 be a non-trivial 2-bridge link and F ⊂
E(L;S3) an orientable essential surface such that either (1) ∂F = ∅ and meridionally in-
compressible in (E(K1;S3),K2) or (2) ∂F = ∅, ∂F ⊂ ∂E(K1;S3), F is ∂-incompressible
in E(L;S3) and meridionally incompressible in (E(K1;S3),K2). Let (B1, a1 ∪ b1) ∪S
(B2, a2 ∪ b2) be a 2-bridge decomposition of (S3,L), where Bi is a 3-ball, K1 = a1 ∪ a2,
K2 = b1 ∪ b2 and S = ∂B1 = ∂B2. Set V1 = cl(B1\N(a1;B1)), V2 = cl(B2\N(a2;B2)),
A1 = ∂V1 ∩N(a1;B1), A2 = ∂V2 ∩N(a2;B2), W1 = (V1, b1), W2 = (V2, b2), and let P be
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torus, A1 (A2 respectively) is an annulus in ∂V1 (∂V2 respectively) and b1 (b2 respectively)
is trivial in V1 (V2 respectively). Let Ŝ be the attaching surface between V1 and V2, i.e., Ŝ is
the surface cl(∂V1\A1)(= cl(∂V2\A2)) with specified two points ∂V1 ∩ K2(= ∂V2 ∩ K2).
In this section, Sp,ig denotes a surface of genus g with p boundary components and
i specified points in its interior. The following might be a consequence of [2] (or [5]).
However, to make this paper self-contained, we will give a proof.
Proposition 3.1. F is neither a closed surface nor a meridional surface.
Proof. Suppose that F is a closed surface or a meridional surface. Let D2c be a cancelling
disk of b2 in V2 such that ∂D2c ∩ A2 = ∅.
Claim 1. There is a surface F˜ properly embedded in E(L;S3) such that F˜ is essential in
E(L;S3) and meridionally incompressible in (S3,L).
Proof. Note that F is essential in E(L;S3) by the assumption of Theorem 1.1. If F is
meridionally incompressible in (S3,L), then F is the desired surface. Suppose that there
is a meridional compression disk δ0 of F in (S3,L). Then since F is meridionally incom-
pressible in (E(K1;S3),K2), we see that δ0 intersects K1 in one point. By a meridional
compression of F along δ0, we obtain a 2-manifold, say F(1). Set F̂(1) = F(1) ∩E(K1;S3).
Note that F̂(1) is also incompressible in E(L;S3) and meridionally incompressible in
(E(K1;S3),K2). (Otherwise, this contradicts that F is meridionally incompressible in
(E(K1;S3),K2).) If F̂(1) is incompressible in E(L;S3) and meridionally incompressible
in (S3,L), we stop. Suppose that there is a meridional compression disk δ1 of F̂(1) in
(S3,L). Then since F̂(1) is meridionally incompressible in (E(K1;S3),K2), we see that
δ1 intersects K1 in one point. By a meridional compression of F̂(1) along δ1, we obtain a
2-manifold, say F(2). Set F̂(2) = F(2) ∩E(K1;S3). Note that F̂(2) is also incompressible in
E(L;S3) and meridionally incompressible in (E(K1;S3),K2).
We extend the above sequence as much as possible. By considering Euler characteristic,
it is easy to see that the length of the sequence is finite, i.e., there is an integer k such
that F̂(k) is incompressible in E(L;S3) and meridionally incompressible in (S3,L), where
F̂(k) = F(k) ∩ E(K1;S3).
Suppose that each component of F̂(k) is inessential in E(L;S3). Then since F̂(k) is
incompressible in E(L;S3), each component of F̂(k) is either a ∂-parallel torus in E(L;S3)
or an annulus in E(L;S3) which is isotoped into ∂N(K1;S3). Note that F is obtained
from F̂(k) by “tubing operations” in N(∂E(K1;S3);E(K1;S3)) if F = F(k). Since F is
connected, this implies that F is either a ∂-parallel annulus in E(L;S3), a compressible
torus in E(L;S3) or a ∂-parallel torus in E(L;S3). Each case, however, contradicts that F
is essential in E(L;S3). Hence there is a component of F̂(k), say F˜ , which is essential in
E(L;S3). 
Note that ∂F˜ = ∅ or ∂F˜ consists of a non-empty collection of meridian curves in
∂E(K1;S3).
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Proof. Suppose that F˜ ∩ V1 = ∅, that is, F˜ ⊂ V2. Then since F˜ is essential in E(L;S3)
(hence V2\b2), we see ∂F˜ = ∅. Note that ∂F˜ ⊂ A2. Hence if F˜ ∩ D2c = ∅, then by a
standard innermost disk argument, we can isotope F˜ so that F˜ ∩ D2c = ∅. This indicates
that F˜ lies in the solid torus obtained by cutting V2 along D2c and therefore F˜ is an annulus
which is isotoped into A2. This contradicts Claim 1. 
Since ∂F˜ consists of meridian curves in ∂E(K1;S3), we may suppose, via isotopy, that
∂F˜ ∩ ∂A1 = ∅. Throughout the rest of this proof, we suppose that this property holds. Let
c1 be a core of A1 which is disjoint from ∂F˜ .
Claim 3. We can isotope F˜ so that each component of F˜ ∩ V1 is an ι-disk in W1 whose
boundary is disjoint from A1.
Proof. Let D1c be a cancelling disk of b1 and V ′1 the solid torus obtained by cutting V1
along D1c . Then (V ′1,A1) ∼= (A1 × [0,1],A1 × {1}). Let τ be an arc in V1 joining c1 to b1
such that τ ∩ V ′1 is a vertical arc in V ′1 (∼= A1 × [0,1]). By the definition of τ , we may
regard N(τ ∪ c1;V1) as V1. By putting τ ∪ c1 and F˜ in a general position, (τ ∪ c1) ∩ F˜
consists of points in τ . By the above identification V1 ∼= N(τ ∪ c1;V1), each component of
F˜ ∩ V1 is an ι-disk in W1 whose boundary is disjoint from c1 (hence A1). 
Let P be the collection of all surfaces which are obtained by cutting P along F˜ ∩P . By
Claim 3, P consists of a copy of S1,20 , a copy of S1,01 and s copies of S2,00 (possibly s = 0).
In the remainder, we suppose the following.
The surface F˜ satisfies the condition of Claim 3 and the pair (|F˜ ∩ V1|, |F˜ ∩ D2c |) is
minimal with respect to the lexicographic order. By Claim 2, we see that (|F˜ ∩ V1|, |F˜ ∩
D2c |) = (0,∗).
Claim 4. F˜ ∩ D2c = ∅.
Proof. Let B be the closure of the component of V1\F˜ such that ∂B contains a copy
of S1,20 . By Claim 3, B is a 3-ball and b1 is trivial in B . Suppose F˜ ∩ D2c = ∅. Then
cl(∂D2c\b2) is contained in the copy of S1,20 ⊂ ∂B . Hence K2 is isotopic to (∂D2c\b2) ∪
b1 ⊂ B . Since b1 is trivial, we see that K2 bounds a disk disjoint from K1 and therefore L
is trivial, a contradiction. 
By a standard innermost disk argument and the minimality of (|F˜ ∩V1|, |F˜ ∩D2c |), each
component of F˜ ∩D2c is an arc. Let γ be an arc of F˜ ∩D2c which is outermost in D2c such
that the corresponding outermost disk, say δγ , is disjoint from b2. Set γ0 = cl(∂δγ \γ ). Let
P0 be a member of P with γ0 ⊂ P0. Let F˜ ′ be a surface obtained from F˜ by an isotopy of
type A along δγ . Let P ′ be the collection of all surfaces which are obtained by cutting P
along F˜ ′ ∩ P .
Claim 5. Each member of P ′ is not homeomorphic to S1,0.0
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E(L;S3), ∂δ bounds a disk in F˜ ′, say δ′. Since L is non-trivial, E(L;S3) is irreducible.
Hence we see that δ ∪ δ′ bounds a 3-ball in E(L;S3), say B ′. Then we can obtain the
surface (F˜ ′\δ′) ∪ δ by isotoping F˜ ′ along B ′.
Case i. γ0 joins two ι-disk components of F˜ ∩ V1.
Note that ∂δ is a simple loop obtained from the boundaries of these ι-disks by joining
them along γ0 and that δ′ is a disk obtained from these ι-disks by adding a band along
γα . Let F˜ ′′ be a surface obtained from (F˜ ′\δ′) ∪ δ by pushing δ out of V1. Then F˜ ′′ ∩ V1
consists of ι-disks satisfying the condition of Claim 3 and |F˜ ′′ ∩ V1| = |F˜ ∩ V1| − 2. This
contradicts the minimality of |F˜ ∩ V1|.
Case ii. γ0 joins an ι-disk component of F˜ ∩ V1 to itself.
Let A′ be the annulus component of F˜ ′ ∩V1. Suppose that A′ ⊂ δ′. Let F˜ ′′ be a surface
obtained from (F˜ ′\δ′)∪ δ by pushing δ out of V1. Then F˜ ′′ ∩V1 consists of ι-disks satisfy-
ing the condition of Claim 3 and |F˜ ′′ ∩ V1| < |F˜ ∩ V1|. This contradicts the minimality of
|F˜ ∩ V1|. Hence A′ ⊂ δ′. Let F˜ ′′′ be a surface obtained from (F˜ ′\δ′)∪ δ by pushing δ into
the interior of V1. Then we can eliminate the component γ of F˜ ∩ D2c without increasing
|F˜ ∩ V1|. Note that F˜ ′′′ ∩ V1 consists of ι-disks satisfying the condition of Claim 3. This
also contradicts the minimality of (|F˜ ∩ V1|, |F˜ ∩ D2c |). 
We now have the following three cases.
Case 1. P0 ∼= S1,20 (cf. Fig. 2).
Then by Claim 5, γ0 must separate the specified two points in P0. This implies that P ′
contains two copies of S1,10 . Let D be a component of P ′ which is a copy of S1,10 . Since F˜ is
meridionally incompressible in (S3;L), ∂D is contractible in F˜ ′ or parallel to a component
of ∂F˜ ′. But since S3 does not contain a non-separating 2-sphere, ∂D is not contractible
in F˜ ′. Hence ∂D is parallel to a component of ∂F˜ ′, say l. However, D ∩ K2 = D ∩ b1
consists of one point and l ⊂ ∂N(K1;S3). This indicates that S3 contains a non-separating
2-sphere, a contradiction.
Case 2. P0 ∼= S2,00 (cf. Fig. 2).
Then Claim 5 indicates that γ0 is essential in P0 and hence γ joins distinct boundary
components of P0. Hence P ′ contains S1,00 . This contradicts Claim 5.
Fig. 2.
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Case 3. P0 ∼= S1,01 (cf. Fig. 3).
Since γ0 must be essential in P0 by Claim 5, γ0 cuts P0 into an annulus. Note that γ0 ∩
A1 = ∅. This implies that A1 is contained in the annulus. Let A be the annulus component
of F˜ ′ ∩V1 and V ′1 be the component such that V ′1 is obtained by cutting V1 along A and that
∂V ′1 contains A1. Then (V ′1,A1,A) = (A1 ×[0,1],A1 ×{0},A1 ×{1}). SetA= c1 ×[0,1].
(Recall that c1 is a core of A1.) Let δ′ be the disk obtained from A by attaching a meridian
disk of N(K1;S3) along a component of ∂A. By Claim 1 and the fact that S3 does not
contain a non-separating 2-sphere, we see that ∂δ′ is parallel to a component of ∂F˜ ′ in F˜ ′,
say µ, and hence ∂δ′ cuts an annulus from F˜ ′, say Aµ. Let δ′′ be a disk obtained from Aµ
by attaching a meridian disk of N(K1;S3) along µ. Let R1 and R2 be 3-balls obtained
by cutting S3 along δ′ ∪ δ′′. Note that K2 is contained in R1 or R2, say R2. Since K1 is
trivial in S3, K1 ∩ R1 is an arc which is trivial in R1. This shows that F˜ ′ is deformed to
(F˜ ′\Aµ) ∪A via an ambient isotopy on E(L;S3). Hence we can obtain a surface F˜ ′′ by
isotoping F˜ ′ along R1. Let CA be the component of F˜ ′′ ∩ V1 with CA ⊃A. Then we can
isotope F˜ ′′ so that CA is pushed out of V1. This indicates that each component of F˜ ′′ ∩V1
consists of ι-disks satisfying the condition of Claim 3 and that we can reduce |F˜ ∩ V1|, a
contradiction.
This completes the proof of Proposition 3.1. 
By Proposition 3.1, we can assume that each component of ∂F ∩ Ai is an essential arc
in Ai (i = 1 and 2). Recall that Ŝ is the attaching surface cl(∂V2\A2) with specified two
points ∂b2.
Lemma 3.2. Let Q be an orientable surface properly embedded in V2 such that ∂Q = ∅,
Q ∩ b2 = ∅ and that each component of ∂Q ∩ A2, if it exists, is an essential arc in A2. If
Q is incompressible in V2\b2, then Q satisfies one of the following:
(1) Q is ∂-compressible in (V2, b2) toward Ŝ.
(2) Q is either an ι-disk in W2 whose boundary is disjoint from A2 or an ε-disk in W2
whose boundary intersects A2 in an essential arc in A2.
Proof. Since each component of ∂Q ∩ A2 is an essential arc in A2, there is an ε-disk in
W2, say D2ε , such that D2ε intersects A2 in an essential arc in A2 and that ∂D2ε ∩ A2 is
disjoint from ∂Q ∩ A2.
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pressible in V2\b2, by a standard innermost/outermost disk argument, we may sup-
pose Q ∩ D2ε = ∅. Let D2c be a cancelling disk of b2. Note that by a standard inner-
most/outermost disk argument, we may further suppose that D2c ∩Q = ∅ and D2c ∩D2ε = ∅.
Let V ′2 be a 3-ball obtained by cutting V2 along D2ε ∪D2c . Then Q ⊂ V ′2. Let D2
′
ε and D2
′′
ε be
copies of D2ε in ∂V ′2, and let D2
′
c and D2
′′
c be copies of D2c in ∂V ′2. Note that D2
′
c ∩D2′′c = b2,
D2
′
c ∪D2′′c =: D′c is a disk in ∂V ′2 and that ∂Q is contained in ∂V ′2\(D2
′
ε ∪D2′′ε ∪D′c). Hence
∂Q is isotopic to one of ∂D2′ε ∂D2
′′
ε and ∂D′c in cl(∂V ′2\(D2
′
ε ∪ D2′′ε ∪ D′)). Suppose that
∂Q is isotopic to ∂D′c . Since Q is ∂-incompressible in (V2, b2) toward Ŝ, this implies
∂Q ∩ A2 = ∅. Hence Q is an ι-disk whose boundary is disjoint from A2. Suppose that
∂Q is isotopic to either ∂D2′ε or ∂D2
′′
ε , say ∂D2
′
ε . Note that the image of A2 in V ′2 is a
band joining D2′ε to D2
′′
ε . Since Q is ∂-incompressible in (V2, b2) toward Ŝ, these imply
∂Q ∩ A2 is an essential arc in A2. Hence Q is an ε-disk in W2 whose boundary intersects
A2 in an essential arc in A2.
This completes the proof of Lemma 3.2. 
Lemma 3.3. By an ambient isotopy on E(K1;S3) relative K2, we can isotope F so that
each component of F ∩V1 is either an ι-disk in W1 whose boundary is disjoint from A1 or
an ε-disk in W1 whose boundary intersects A1 in an essential arc in A1.
Proof. Let D1c be a cancelling disk of b1 and V ′1 the solid torus obtained by cutting V1
along D1c . Then (V ′1,A1) ∼= (A1 × [0,1],A1 × {1}). Let τ be an arc in V1 joining c1 to
b1 such that τ ∩ V ′1 is a vertical arc in V ′1 (∼= A1 × [0,1]), where c1 is a core of A1. By
the definition of τ , we may regard N(τ ∪ c1;V1) as V1. By putting τ ∪ c1 and F in a
general position, (τ ∪ c1) ∩ F consists of points in τ and c1. By the above identification
V1 ∼= N(τ ∪ c1;V1), each component of F ∩ V1 is either an ι-disk in W1 whose boundary
is disjoint from c1 or an ε-disk in W1 whose boundary intersects c1 in one point. 
In the remainder of this section, we suppose the following.
(∗) Each component of F ∩ V1 is either an ι-disk in W1 whose boundary is disjoint from
A1 or an ε-disk in W1 whose boundary intersects A1 in an essential arc in A1. Further
|F ∩ V1| is minimal among all surfaces which are isotopic to F .
Proposition 3.4. There is a sequence {F (j)}0jk which satisfies the following:
(1) F (0) = F (hence F (0) satisfies the condition (∗)).
(2) F (j) ∩ V2 is incompressible in V2\b2 (j = 0,1, . . . , k).
(3) F (j+1) is obtained from F (j) by an isotopy of type A along Dj , where Dj is a ∂-
compression disk of F (j) ∩ V2 in (V2, b2) toward Ŝ (j = 0,1, . . . , k − 1).
(4) F (k) ∩ V2 is ∂-incompressible in (V2, b2) toward Ŝ.
Proof. We first prove that F (0) satisfies the condition (2).
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Proof. Suppose that F (0) ∩ V2 is compressible in V2\b2. Let δ0 be a compression disk
of F (0) ∩ V2. Since F (0) is incompressible in E(L;S3), ∂δ0 bounds a disk δ′0 in F (0).
Note that δ0 ∪ δ′0 bounds a 3-ball in E(L;S3) and that δ′0 contains at least one component
of F (0) ∩ V1. Hence by isotoping F (0) along the 3-ball bounded by δ0 ∪ δ′0, we obtain
a surface F (0)′ := (F (0)\δ′0) ∪ δ0. Then F (0)
′
satisfies the condition of Lemma 3.3 and
|F (0)′ ∩ V1| < |F (0) ∩ V1|. This contradicts that F (0) satisfies the condition (∗). 
Suppose that F (0) ∩ V2 is ∂-compressible in (V2, b2) toward Ŝ. Let D0 be a ∂-
compression disk of F (0) ∩ V2 toward Ŝ. Then we obtain a surface, say F (1), from F (0)
by performing an isotopy of type A along D0. Suppose moreover that F (1) ∩ V2 is ∂-
compressible in (V2, b2) toward Ŝ. Let D1 be a ∂-compression disk of F (1) ∩ V2 toward
Ŝ. Then we obtain a surface, say F (2), from F (1) by performing an isotopy of type A
along D1. We repeat the procedure as much as possible.
Claim 2. If F (j) ∩ V2 is incompressible in V2\b2, then F (j+1) ∩ V2 is incompressible in
V2\b2.
Proof. Suppose that F (j+1) ∩ V2 is compressible in V2\b2. Let δj+1 be a compression
disk of F (j+1) ∩ V2. Let D∗j be a dual disk of Dj . Then by isotoping F (j+1) along D∗j ,
we see that δj+1 is a compression disk of F (j) ∩ V2. This contradicts that F (j) ∩ V2 is
incompressible in V2\b2. 
By Claims 1 and 2, {F (j)}0j1 satisfies conditions (1)–(3). By considering Euler char-
acteristic, it is easy to see that the length of the sequence is finite. Let {F (j)}0jk be a
sequence of surfaces satisfying conditions (1)–(3) with maximal length. Then F (k) ∩V2 is
∂-incompressible in (V2, b2) toward Ŝ.
This completes the proof of Proposition 3.4. 
In the remainder of this section, we further suppose that the sequence {F (j)}0jk
satisfies the following.
(∗∗) |F (k) ∩V2| is minimal among all sequences which satisfies the conditions (1)–(4) of
Proposition 3.4.
Notations 3.5. Let {F (j)}0jk be a sequence as in Proposition 3.4.
(1) For each integer j with 0  j  k, set F (j)i = F (j) ∩ Vi (i = 1 and 2), and for each
integer j with 0 j  k − 1, set γj = Dj ∩ Ŝ (i = 1 and 2).
(2) D∗j (j = 0,1, . . . , k − 1) denotes a dual disk of Dj .
(3) P(j) denotes the collection of all surfaces which are obtained by cutting P along
F (j) ∩ P , and let Pj be the member of P(j) with γj ⊂ Pj .
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(4) For each integer j with 0 j  k−1, set γ ∗j = D∗j ∩ Ŝ. (Note that γ ∗j is an arc properly
embedded in a member of P(j+1).)
Remark 3.6. By Proposition 3.1, there is a component of F (0)1 which is an ε-disk in W1.
Hence the condition (1) of Proposition 3.4 indicates that one of the following holds (cf.
Fig. 4).
(1) P(0) consists of a copy of S2,20 and s copies of S2,00 (possibly s = 0).
(2) P(0) consists of a copy of S3,00 , a copy of S1,20 and s copies of S2,00 (possibly s = 0).
Remark 3.7.
(1) Lemma 3.2 indicates that each component of F (k)2 is either an ι-disk in W2 whose
boundary is disjoint from A2 or an ε-disk in W2 whose boundary intersects A2 in an
essential arc in A2.
(2) By the condition (3) of Proposition 3.4, we see that F (0)i ∩ Ai = F (j)i ∩ Ai (i = 1,2
and j = 1,2, . . . , k).
Lemma 3.8. For each integer j with 0 j  k, each member of P(j) is not homeomorphic
to S1,10 .
Proof. Suppose that P(j) contains a member, say δ, which is a copy of S1,10 . Suppose
further that δ ∩ A1 = ∅. Then δ ∩ ∂A1 consists of arcs. Let α be an arc component of
δ ∩ ∂A1 which is outermost in δ and the outermost disk, say δα , is disjoint from ∂b1.
(Since δ includes exactly one component of ∂b1, we can always find such an arc α.) Set
β = cl(∂δα\α). Recall that each component of F (j)∩A1(= F (0)∩A1) is an essential arc in
A1. Hence β ⊂ Ŝ1. Since F (j) is ∂-incompressible in E(K1;S3), β cuts off a disk, say δβ ,
in F (j). Then a subarc of γ := cl(∂δβ\β) (possibly γ itself) is an inessential arc properly
embedded in Ai (i = 1 or 2). This contradicts that each component of ∂F ∩Ai is an essen-
tial arc in Ai (i = 1 and 2). Hence δ ∩A1 = ∅. Since S3 does not contain a non-separating
2-sphere, ∂δ is parallel to a component of ∂F (j). Since the 3-manifold containing K1 is
S3, ∂δ must be a longitude of K1 in ∂N(K1;S3). This implies that L = K1 ∪K2 is a Hopf
link and hence E(L;S3) = (torus)× [0,1]. However, since M := (torus)× [0,1] does not
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not parallel to a component of ∂F (j). Therefore ∂δ is essential in F (j) and hence δ is a
meridional compression disk of F (j), a contradiction. 
Lemma 3.9. For each integer j with 0 j  k, each member of P(j) is not homeomorphic
to S1,00 .
Proof. Suppose that P(j) contains a member, say δ, which is a copy of S1,00 . Suppose
that δ ∩ A1 = ∅. Then δ ∩ ∂A1 consists of arcs. Let α be an arc component of δ ∩ ∂A1
which is outermost in δ and δα the outermost disk with α ⊂ ∂δα . Set β = cl(∂δα\α). Since
F (j) is ∂-incompressible in E(K1;S3), β cuts off a disk, say δβ , in F (j). Then a subarc
of γ := cl(∂δβ\β) (possibly γ itself) is an inessential arc properly embedded in Ai (i = 1
or 2). This contradicts that each component of ∂F ∩ Ai is an essential arc in Ai (i = 1
and 2). Hence δ ∩ A1 = ∅, i.e., δ ⊂ Ŝ. By retaking the integer j , if necessary, we may
assume that for any integer i with 0 i  j −1, each member of P(i) is not homeomorphic
to S1,00 . Note that Remark 3.6 indicates j  1. By the condition (2) of Proposition 3.4, the
component of F (j)2 which contains ∂δ is a disk, say δ
′
. Note that δ ∪ δ′ bounds a 3-ball
in V2 which is disjoint from b2. We retrieve F (j−1), . . . , F (0) from F (j) by performing
isotopies of type A along D∗j−1, . . . , D∗0 successively. Let Q(i) be the component of F
(i)
2
coming from δ′ (0 i  j).
Claim 1. Q(j−1) is an annulus component which is isotopic into Ŝ.
Proof. By the minimality of the integer j , γ ∗j−1 meets ∂δ. Since Dj−1 ∩ F (j−1)2 is an es-
sential arc in F (j−1)2 , γ ∗j−1 must join δ to itself. If γ ∗j−1 lies in δ ⊂ Ŝ, then F (j−1)2 must
contain an annulus component which is compressible in V2\b2. This contradicts the con-
dition (2) of Proposition 3.4. Hence γ ∗j−1 lies in cl(Ŝ\δ). Therefore Q(j−1) is an annulus
component which is isotopic into Ŝ. 
Claim 2. |F (j)2 | 2.
Proof. Suppose |F (j)2 | = 1. Then we note that F (s)2 = Q(s) for any integer with 0 s  j .
By the above argument, F (j−1)(= Q(j−1)) is isotopic into Ŝ. Suppose that F (s)2 is isotopic
into Ŝ for an integer s with 0 < s  j . Then there is a surface F (s)
′
2 ⊂ Ŝ which is isotopic
to F (s)2 . If γ
∗
s−1 is contained in F
(s)′
2 , then F
(s−1)
2 must contain a component which is
compressible in V2\b2. By the condition (2) of Proposition 3.4, this is a contradiction.
Hence γ ∗s−1 is contained in cl(Ŝ\F (s)
′
2 ). Moreover since γ
∗
s−1 joins F (s)
′
2 to itself, we see
that F (s−1)2 is isotopic into Ŝ. Therefore by an induction on s, we see that F
(0)
2 is isotopic
into Ŝ, contradicting Proposition 3.1. 
Let {γ ∗ϕ(s)}0st be the subset of {γ ∗i }0ij−1 such that at least one of the endpoints
of γ ∗ lies in ∂Q(ϕ(s)+1) with ϕ(0) < ϕ(1) < · · · < ϕ(t). Set u = max{s | γ ∗ joinsϕ(s) ϕ(s)
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by Claim 2, we can define such an integer u. Moreover by the proof of Claim 1, ϕ(t) =
j − 1 and ϕ(u) < j − 1. Hence u < t . Note that by an argument similar to the proof of
Claim 2, we see that for any integer s with u + 1  s  t , Q(ϕ(s)) is isotopic into Ŝ. Set
D = {D0,D1, . . . ,Dk−1}. We now construct a sequence of ∂-compression disks by using
the disk system obtained from D by eliminating Dϕ(u) as follows.
Set D1 = {D0,D1, . . . ,Dϕ(u)−1}, D2 = {Dϕ(u+1),Dϕ(u+2), . . . ,Dϕ(t)}, and let D3 be
a collection of disks obtained from D\(D1 ∪ D2) by eliminating Dϕ(u). We first obtain
a sequence {F (j)}0jϕ(u) by isotopies of type A along D1. Note that Claim 1 and the
definition of u indicate that we may suppose that the interior of each component of D2 is
disjoint from F (ϕ(u))2 . Hence by isotopies of type A along D2, we can obtain a sequence
F (ϕ(u)) → F˜ (ϕ(u)+1) → ·· · → F˜ (v), where v = ϕ(u)+ t −u. Note that Dϕ(u) ∩ (F˜ (v) ∩V2)
is an arc cutting off a disk corresponding to δ′, say δv , from F˜ (v) ∩ V2. Since Dϕ(u) ∪ δv is
isotopic into Ŝ, we obtain a surface F˜ (v)′ by isotoping F˜ (v) so that F˜ (v)′ ∩V2 = (F˜ (v)\δv)∪
Dϕ(u). Note that F˜ (v)
′ ∩V2 = F (j)2 \δ′. Therefore we can perform isotopies of type A along
D3 on F˜ (v)′ and obtain a sequence F˜ (v)′ → F˜ (v+1) → ·· · → F˜ (k−1).
Note that F˜ (k−1) ∩V2 is obtained from F (k)2 by discarding δ′. Hence each component of
F˜ (k−1) ∩V2 is a disk and |F˜ (k−1) ∩ V2| < |F (k) ∩ V2|. This contradicts the condition (∗∗).
This completes the proof of Lemma 3.9. 
Lemma 3.10. For each integer j with 0 j  k − 1, Pj ∼= S2,20 , S3,00 or S1,01 .
Proof. Since P is a torus including two specified points, by Lemmas 3.8 and 3.9, each
component ofP(j) is homeomorphic to one of S1,20 , S2,00 , S2,10 , S2,20 , S3,00 and S1,01 . Suppose
Pj ∼= S1,20 . Then P(j+1) contains S1,00 or S1,10 . This contradicts Lemma 3.8 or 3.9. Suppose
Pj ∼= S2,00 . Then γj joins either a component of ∂Pj to itself or distinct components of
∂Pj . In each case, P(j+1) contains S1,00 . This contradicts Lemma 3.9. Suppose Pj ∼= S2,10 .
Then γj joins either a component of ∂Pj to itself or distinct components of ∂Pj . In each
case, P(j+1) contains S1,00 or S1,10 . This also contradicts Lemma 3.8 or 3.9. 
Lemma 3.11. Suppose that F (j)1 contains an ε-disk component whose boundary intersects
A1 in an essential arc in A1. Then F (j)2 is ∂-compressible in (V2, b2) toward Ŝ.
Proof. Let δε be an ε-disk component of F (j)1 whose boundary intersects A1 in an essential
arc in A1. Suppose that F (j)2 is ∂-incompressible in (V2, b2) toward Ŝ. Then F
(j) is equal
to the end of the sequence F (k). By Remark 3.15(1), each component of F (j)2 (= F (k)2 )
is either an ι-disk in W2 whose boundary is disjoint from A2 or an ε-disk in W2 whose
boundary intersects A2 in an essential arc in A2. In particular, F (j)2 contains the ε-disk
component, say δ′ε , with ∂δ′ε ∩ Ŝ = ∂δε ∩ Ŝ. Hence the disk δε ∪ δ′ε indicates that K1 is
trivial in E(K2;S3) and hence L is trivial, a contradiction. 
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essential arc in A1.
Proof. Suppose that F (0)1 contains an ι-disk component. Then by Remark 3.6, P(0) con-
sists of a copy of S1,20 , a copy of S
3,0
0 and s copies of S
2,0
0 (cf. Fig. 4(2)). In particular,
F
(0)
1 contains an ε-disk component. Note that each ε-disk component of F
(0)
1 intersects A1
in an essential arc in A1 (see the condition (∗)). Hence Lemma 3.11 indicates that F (0)2 is
∂-compressible in (V2, b2) toward Ŝ. By Lemma 3.10, P0 ∼= S3,00 . Note that ∂P0 consists
of two ε-loops and an ι-loop.
Case 1. γ0 joins a component of ∂P0 to itself.
Let c1 be a core of A1. Then γc1 := c1 ∩P0 is an arc joining distinct ε-loop components
of ∂P0. Since γ0 is disjoint from A1 (hence γc1 ), we see that γ0 does not join the ι-loop
component of ∂P0 to itself by Lemma 3.9. Hence γ0 joins an ε-loop component of ∂P0 to
itself and F (1)1 contains an annulus component, say A0. By Lemma 3.9, ∂A0 consists of an
ε-loop and an ι-loop, and particularly the ι-loop is disjoint from A1. Then by Lemma 3.3
of [14], the ι-loop component of ∂A0 bounds an ι-disk in W1, say δ0. Since F (1) is incom-
pressible in E(L;S3), ∂δ0 bounds a disk component in F (1), say δ′0. Since L is non-trivial,
δ0 ∪ δ′0 bounds a 3-ball in E(L;S3). Let Cδ be the component of F (1)2 which intersects the
ι-loop ∂δ′0. Since δ′0 ∩A1 = ∅ and A0 ∩A1 = ∅, we see that δ′0 ∩A0 = ∂δ0. Hence Cδ ⊃ δ′0.
If Cδ = δ′0, then δ0 ∪ δ′0 indicates that K2 is trivial in E(K1;S3) and hence L is trivial, a
contradiction. Otherwise, δ′0 contains a disk component of F
(1)
1 . Hence by isotoping F
(1)
along the 3-ball bounded by δ0 ∪ δ′0, we see that this contradicts the minimality of |F ∩V1|
in the condition (∗).
Case 2. γ0 joins distinct components of ∂P0.
Suppose that γ0 joins the ι-loop component of ∂P0 to an ε-loop component of ∂P0, i.e.,
γ0 joins the ι-disk component of F (0)1 to an ε-disk component of F (0)1 . Then we see that
each component of F (1)1 satisfies the condition of Lemma 3.3 and that |F (1)1 | = |F (0)1 | − 1.
This contradicts the minimality of |F ∩V1| in the condition (∗). Hence γ0 must join distinct
ε-loop components of ∂P0.
Since γ0 ∩ A1 = ∅, γ0 must be parallel to γc1 in P0. Let δ be the disk component of
F
(1)
1 which is obtained by joining two ε-disks of F (0)1 . Note that ∂δ intersects A1 in two
essential arcs in A1. Let β be the arc component of cl(∂δ ∩ Ŝ) which cuts off a disk with
no specified points from Ŝ. Since F (1) is ∂-incompressible in E(K1;S3), β cuts off a disk,
say δβ , in F (1). Then a subarc of γ := cl(∂δβ\β) (possibly γ itself) is an inessential arc
properly embedded in Ai (i = 1 or 2). This contradicts that each component of ∂F ∩Ai is
an essential arc in Ai (i = 1 and 2). 
Lemma 3.13. Let C be a member of P(j) (j = 0,1, . . . , k). Suppose C ∼= S3,00 . Then ∂C
consists of two ε-loops and an ι-loop.
Proof. If ∂C has more than two ι-loop components, then one of the ι-loop components of
∂C separates other components of ∂C, a contradiction. (In fact, an ι-loop is separating in
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we ignore the specified points in P , a contradiction. Therefore ∂C consists of two ε-loops
and an ι-loop . 
We now introduce the following definition which is very important in this section.
Definition 3.14. For two successive arcs γj and γj+1, we use the notation “γj  γj+1” if
γ ∗j ⊂ Pj+1 and the geometric intersection number between γ ∗j and γj+1 in Pj+1 is greater
than zero (j = 0,1, . . . , k − 2).
Remark 3.15. If γj  γj+1, then γj+1 is disjoint from γ ∗j in Pj+1. This implies that
γj+1 is contained in a member of P(j) and that γj+1 is disjoint from γj . Hence we can
obtain another sequence {F ′(j)}0jk by changing the order of an isotopy along Dj and
an isotopy along Dj+1. Note that |F ′(0) ∩V1| = |F (0) ∩V1| and |F ′(k) ∩V1| = |F (k) ∩V1|,
i.e., {F ′(j)}0jk also satisfies the condition (∗∗).
Lemma 3.16. For each integer j with 0 j  k − 2, γj  γj+1.
Proof. Suppose that γj  γj+1 for some integer j (0 j  k − 2). By Lemma 3.10, we
have the following cases.
Case 1. Pj ∼= S2,20 .
Then P(j) consists of Pj and s copies of S2,00 . Since γj+1 is disjoint from γ ∗j , γj+1
is contained in a member of P(j). By Lemma 3.10, we see that γj+1 ⊂ Pj . It is easy to
see that a component obtained by cutting Pj along γj ∪ γj+1 is either S1,00 or S1,10 . Hence
P(j+2) contains S1,00 or S1,10 . This contradicts Lemma 3.8 or 3.9.
Case 2. Pj ∼= S3,00 .
Then P(j) consists of Pj , a copy of S1,20 and s copies of S2,00 (possibly s = 0). By
Lemma 3.13, ∂Pj consists of an ι-loop, say ι0, and two ε-loops, say ε1 and ε2. Since
γj+1 is disjoint from γj , γj+1 is contained in a member of P(j). By Lemma 3.10, we see
γj+1 ⊂ Pj .
Suppose ε1 = ε2 in P . Then it is easy to see that a component obtained by cutting Pj
along γj ∪ γj+1 is S1,00 . Hence P(j+2) contains S1,00 . This contradicts Lemma 3.9.
Suppose ε1 = ε2 in P . If γj (γj+1 respectively) joins ε1 to ε2 in Pj , then F (j+1)1
(F (j+2)1 respectively) contains a non-orientable component, a contradiction. If γj (γj+1
respectively) joins ι0 to itself in Pj , then γj+1 (γj respectively) must join ι0 to an ε-loop
component of ∂Pj . Hence P(j+2) contains S1,00 . This contradicts Lemma 3.9. If γj (γj+1
respectively) joins ε1 to itself in Pj , then γj+1 (γj respectively) joins ι0 to ε1. Hence
P(j+2) contains S1,00 . This also contradicts Lemma 3.9. Therefore by changing subscript,
if necessary, we see that γj joins ι0 to ε1 and γj+1 joins ι0 to ε2. This also implies that
F
(j+2)
contains an non-orientable component, a contradiction.1
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Then P(j) consists of Pj , a copy of S1,20 and s copies of S2,00 (Possibly s = 0). Since
γj+1 is disjoint from γj , γj+1 is contained in a member of P(j). By Lemma 3.10, we see
that γj+1 ⊂ Pj . It is easy to see that a component obtained by cutting Pj along γj ∪ γj+1
is S1,00 . Hence P(j+2) contains S1,00 . This contradicts Lemma 3.9.
This completes the proof of Lemma 3.16. 
Lemma 3.17. Suppose that Pj ∼= S3,00 and γj joins distinct components of ∂Pj . Then γj
joins distinct ε-loop components of ∂Pj .
Proof. By Lemma 3.13, ∂Pj consists of two ε-loops, say ε1 and ε2, and an ι-loop, say ι1.
By Lemma 3.12, we see j  1. Suppose, for a contradiction, that γj joins ι1 to an ε-loop
component of ∂Pj , say ε1. By retaking the integer j , if necessary, we may assume that for
any integer i with 0  i  j − 1, Pi ∼= S3,00 or Pi ∼= S3,00 and γi does not join an ε-loop
component of ∂Pi to an ι-loop component of ∂Pi . By Lemma 3.16, γj−1  γj , that is, γ ∗j−1
is contained in Pj and the geometric intersection number between γ ∗j−1 and γj is greater
than zero. Hence γ ∗j−1 joins ε2 to itself and γ ∗j−1 cuts Pj into two annuli. This implies
Pj−1 ∼= S3,00 and γj−1 joins an ε-loop component to an ι-loop component of ∂Pj−1. This
contradicts the definition of j . 
Recall that each component of F (0)1 is an ε-disk whose boundary intersects A1 in an
essential arc in A1 (Lemma 3.12).
Lemma 3.18. |F (0)1 | = 2m for some positive integer m. Moreover, F (m)1 consists of m ι-
disks each of whose boundary intersects A1 in two essential arcs in A1.
Proof. By Remark 3.6 and Lemma 3.12, P(0) consists of a copy of S2,20 and s copies
of S2,00 . By Lemma 3.11, F
(0)
2 is ∂-compressible in (V2, b2) toward Ŝ. Moreover by
Lemma 3.10, P0 ∼= S2,20 . Making use of Lemmas 3.8 and 3.9, we see that an argument
similar to Case 1 in the proof of Lemma 3.12 shows that γ0 must join distinct ε-loop com-
ponents of ∂P0.
If |F (0)1 | = 1, then we see that F (1)1 contains a non-orientable component, a contradic-
tion. Therefore |F (0)1 | 2 and hence F (1)1 contains an ι-disk component whose boundary
intersects A1 in two essential arcs in A1.
Suppose |F (0)1 | > 2. Then by Lemma 3.11, we can perform ∂-compression of F (1)2 . By
Lemma 3.16, P1 ∼= S3,00 and γ1 ∩ γ ∗0 = ∅. Here we note that γ ∗0 joins an ι-loop component
of ∂P1 to itself. Let ε1, ε2 and ι1 be the components of ∂P1, where ε1 and ε2 are ε-loops,
and ι1 is an ι-loop. Note that ε1 (ε2 respectively) intersects c1 in one point, and ι1 intersects
c1 in two points, where c1 is a core of A1. Hence c1 ∩ P1 consists of two arcs such that
one joins ε1 to ι1 and the other joins ε2 to ι1. Since γ0  γ1 by Lemma 3.16 and γ1 is
disjoint from A1 (hence c1), γ1 must join ε1 to ε2 (cf. Fig. 5). If |F (0)| = 3, then we see1
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that F (2)1 contains a non-orientable component, a contradiction. Therefore |F (0)1 | 4 and
F
(2)
1 contains two ι-disks each of whose boundary intersects A1 in two essential arcs in A1.
In general, suppose |F (0)1 | = 2m + 1, where m is any positive integer. Then by
Lemma 3.11, we can repeat the above process m times. Hence F (m)1 contain exactly one ε-
disk component. Moreover γm joins the ε-disk component of F (m)1 to itself. Hence F (m+1)1
contains a non-orientable component, a contradiction. Therefore |F (0)1 | = 2m for some pos-
itive integer m, and moreover F (m)1 consists of m ι-disks each of whose boundary intersects
A1 in two essential arcs in A1.
This completes the proof of Lemma 3.18. 
We now prove Theorem 1.1.
Proof of Theorem 1.1. Note that Proposition 3.1 includes the conclusion (1) of Theo-
rem 1.1. Hence we will give a proof of Theorem 1.1(2).
Let {F (j)}0jk be a sequence which satisfies the condition (∗∗). Then by Lemma 3.16,
γj  γj+1 for each integer j with 0  j  k − 2. Let m be the positive integer in
Lemma 3.18.
Claim. For any integer j with m j  k − 1, γj joins a component of F (j)1 to itself.
We first prove Theorem 1.1(2) by assuming this claim. This claim indicates |F (k)1 | = m.
Since F is connected, we see that m = 1. Therefore F (0)1 consists of two ε-disks each of
whose boundary intersects A1 in an essential arc in A1. Hence we see that (∂F,µ) = 2,
where µ is a core loop of A1 and (·, ·) denotes their (minimal) geometric intersection num-
ber. Note that µ is also a meridian of K1 in ∂E(K1;S3). This implies that either |∂F | = 2
and each component of ∂F intersects µ in a single point, or |∂F | = 1 and (∂F,µ) = 2.
However, the latter case is impossible and we have the conclusion (2) of Theorem 1.1.
Proof of the claim. By Lemma 3.18, P(m) consists of a copy of S1,01 , a copy of S1,20 and
m − 1 copies of S2,00 . By Lemma 3.10, γm lies in a copy of S1,01 and hence γm joins a
component of F (m)1 to itself. Suppose that there is an integer i with m+ 1 i  j − 1 such
that γi joins distinct components of F (i). Let u be the integer satisfying the following.1
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(2) γu joins distinct components of F (u)1 . 
Since γu joins distinct components of F (u)1 , γu joins distinct components of ∂Pu. Hence
Pu ∼= S1,01 and we have the following two cases by Lemma 3.10.
Case 1. Pu ∼= S2,20 .
Note that, by Lemma 3.9, each component of ∂Pu is an ε-loop. Since γu joins distinct
components of F (u)1 , the components of ∂Pu belong to distinct components of F
(u) ∩ ∂V1.
Particularly, there exists at least one member of P(u) which is homeomorphic to S2,00 . By
Lemma 3.16, Pu contains γ ∗u−1. If γ ∗u−1 joins distinct components of ∂Pu, then there is
the component P ′u−1 of P(u−1) with P ′u−1 ∼= S1,20 and P ′u−1 ⊃ γu−1 (hence P ′u−1 = Pu−1).
Note that Pu−1 ∼= S1,01 if P(u) consists of Pu and a copy of S2,00 , and Pu−1 ∼= S3,00 if P(u)
consists of Pu and plural copies of S2,00 . Since γu−1 joins ∂P ′u−1 to itself, the components of
∂Pu belong to the same component of F (u)1 , a contradiction. Hence γ
∗
u−1 joins a component
of ∂Pu to itself. By Lemmas 3.8 and 3.9, we see that γ ′u−1 cuts off a disk containing the
two specified points from Pu. This shows that there are members of P(u−1), say C1 and
C2, where C1 ∼= S1,20 and C2 ∼= S2,00 (particularly, each component of ∂C2 is an ε-loop),
and γu−1 joins ∂C1 and a component of ∂C2. Moreover, we see that Pu−1 ∼= S3,00 , and
γu−1 joins an ε-loop component of ∂C2 to the ι-loop component of ∂C1. This contradicts
Lemma 3.17.
Case 2. Pu ∼= S3,00 .
Let ζ , η and ξ be components of ∂Pu such that ζ and η are ε-loops in P , and ξ is an
ι-loop in P .
Since γu joins distinct components of F (u)1 , γu joins distinct components of ∂Pu. By
Lemma 3.17, γu joins ζ to η in Pu. Since γu joins distinct components of F (u)1 , ζ and η
belong to distinct components of F (u)1 . Hence ζ = η in P . Let ξi (1 i  p) be the ι-loop
components of F (u) ∩ P (possibly p = 1), where ξ1 = ξ and each ξi ∪ ξi+1 (1  i < p)
bounds an annulus which is a member of P(u). By Lemma 3.16, γ ∗u−1 ⊂ Pu. Suppose
∂γ ∗u−1 ⊂ ξ1. Then by using case by case analysis as in Fig. 6, we can show that γ ∗u−1 can
be made disjoint from γu by an ambient isotopy of Pu, contradicting Lemma 3.16. Hence
∂γ ∗u−1 ⊂ ξ1. Then by Lemma 3.9, we see that γ ∗u−1 separates Pu into two annuli. So by
Fig. 6.
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isotoping F (u) along D∗u−1, F (u−1) ∩ P is obtained from F (u) ∩ P by deleting ξ1 and
adding two ε-loop components, say ξ ′1 and ξ ′′1 .
Since F (m) ∩ P consists of only ι-loops and F (u−1) ∩ P contains ε-loop components,
we see u− 1 > m, i.e., F (u−1) = F (m). Hence we can further apply the above argument to
show that by isotoping F (u−1) along D∗u−2, F (u−2) ∩ P is obtained from F (u−1) ∩ P by
deleting ξ2 and adding two ε-loop components, say ξ ′2 and ξ ′′2 . By repeating the process p
times, we see that F (u−p) has the following conditions (cf. Fig. 7).
(1) Each component of F (u−p) ∩ P is an ε-loop.
(2) Each of ζ ∪ ξ ′1, η ∪ ξ ′′1 , ξ ′i ∪ ξ ′i+1 and ξ ′′i ∪ ξ ′′i+1 bounds a member of P(u−p) which is
homeomorphic to S2,00 (i = 1,2, . . . , p − 1).
(3) ξ ′p ∪ ξ ′′p bounds a member of P(u−p) which is homeomorphic to S2,20 , and γu−p is
contained in this member (hence this is Pu−p) and joins ξ ′p to ξ ′′p .
Since F (m) ∩ P consists of only ι-loops and F (u−p) ∩ P consists of ε-loops, we see
u − p > m, i.e., F (u−p) = F (m). Suppose that γ ∗u−p−1 joins a component of ∂Pu−p to
itself. By Lemmas 3.8 and 3.9, we see that γ ∗u−p−1 cuts Pu−p into S
2,0
0 and S
1,2
0 . Hence we
see that Pu−p−1 ∼= S3,00 and γu−p−1 joins an ε-loop component of ∂Pu−p−1 to the ι-loop
component of ∂Pu−p−1. This contradicts Lemma 3.17. Therefore γ ∗u−p−1 joins ξ ′p to ξ ′′p
in Pu−p . By isotoping F (u−p) along D∗u−p−1, we see that F (u−p−1) ∩ P is obtained from
F (u−p) ∩ P by deleting ξ ′p ∪ ξ ′′p and adding an ι-loop component, say ξ ′′′p .
Suppose p = 1, i.e., Pu−p−1 = Pu−2. Then ∂Pu−2 = ζ ∪η∪ξ ′′′1 . We note that u−2 > m,
i.e., F (u−2) = F (m). By Lemma 3.16, γ ∗u−3 ⊂ Pu−2. If γ ∗u−3 joins ζ or η to itself, then we
see that Pu−3 ∼= S3,00 and γu−3 joins an ε-loop component of ∂Pu−3 to an ι-loop component
of ∂Pu−3. This contradicts Lemma 3.17. By case by case analysis as in Fig. 8, we see
∂γ ∗u−3 ∩ ξ ′′′1 = ∅. Hence γ ∗u−3 joins ζ to η in Pu−2. This implies that ζ and η belong to the
same component of F (u)1 , a contradiction.
Suppose p > 1. Then ∂Pu−p−1 = ξ ′p−1 ∪ ξ ′′p−1 ∪ ξ ′′′p . We note that u − p − 1 > m, i.e.,
F (u−p−1) = F (m). By an argument similar to the above, γ ∗u−p−2 ⊂ Pu−p−1 and γ ∗u−p−2
joins ξ ′ to ξ ′′ in Pu−p−1. By repeating the process p times, we see that γ ∗p−1 p−1 u−2p−1
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joins ζ to η in Pu−2p . This implies that ζ and η belong to the same component of F (u)1 , a
contradiction.
We have completed the proof of Theorem 1.1. 
4. Proof of Theorem 1.2
We devote this section to a proof of Theorem 1.2. We first recall results for “∂-slopes”
of incompressible surfaces in the exteriors of non-trivial torus knots in S3.
Let (V1,V2;S) be a genus one Heegaard splitting of S3 and K0 a non-trivial torus knot in
S3. Then we can put K0 onto S. Note that the following is well known (cf. [16, Theorem]).
Lemma 4.1. Let (V1,V2;S) be a genus one Heegaard splitting of S3 and K0 ⊂ S a non-
trivial torus knot in S3. Then every orientable essential surface in E(K0;S3) is isotopic to
either an annulus AT := S ∩ E(K0;S3) or a surface FT := FS ∩ E(K0;S3), where FS is
a Seifert surface of K0 of minimal genus.
Note that E(K0;S3) is a Seifert fibered space whose base space is a disk with two
singular points. Let K0 be a non-trivial torus knot of type (p, q) and f a regular fiber of
E(K0;S3) on ∂E(K0;S3). Then it is well known that each component of ∂AT is a regular
fiber of E(K0;S3) and (∂FT ,f ) = |pq| (cf.).
Suppose that K is a satellite (1,1)-knot in S3, i.e., E(K;S3) contains an essential
torus, say T . Then there exists a torus knot K0 and a 2-bridge knot L := K1 ∪ K2 such
that (S3,K) is obtained from (E(K0;S3),∅) and (E(K1;S3),K2) by identifying the
boundaries by a homeomorphism which takes a fiber of E(K0;S3) on ∂E(K0;S3) with a
meridian of K1 on ∂E(K1;S3). Let F be a closed orientable essential surface in E(K;S3)
which is meridionally incompressible in (S3,K) and is not isotopic to T .
Suppose that F ∩ T = ∅. If E(K0;S3) contains F , then since F is a closed surface
which is incompressible in E(K;S3), F is incompressible in E(K0;S3). By Lemma 4.1,
we see that F must be isotopic to T , a contradiction. If E(L;S3) contains F , then since
F is essential in E(K;S3) and is meridionally incompressible in (S3,K), F is essential in
E(L;S3) and is meridionally incompressible in (E(K1;S3),K2). This is a contradiction
by Proposition 3.1. Hence F ∩ T = ∅. Since F and T are incompressible in E(K;S3) and
E(K;S3) is irreducible, we may suppose that F ∩ T consists of loops which are essential
in both F and T . In particular, F ∩ T consists of mutually parallel essential loops in T .
Since F is separating in E(K;S3), we see that |F ∩ T | is even, particularly |F ∩ T | 2.
We isotope F so that |F ∩T | is minimal. Set F ′ = F ∩E(L;S3) and F ′′ = F ∩E(K0;S3).
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meridionally incompressible in (E(K1;S3),K2).
Proof. We first prove that F ′ is incompressible in E(L;S3) and is meridionally incom-
pressible in (E(K1;S3),K2). Suppose that F ′ is compressible in E(L;S3) or meridionally
compressible in (E(K1;S3),K2). Let δ1 be a compression disk or a meridional compres-
sion disk of F ′. If |δ1 ∩ K2| = 1, then this implies that F is meridionally compressible
in (S3,K), a contradiction. Hence |δ1 ∩ K2| = 0, i.e., δ1 is a compression disk of F ′ in
E(K1;S3). Since F is incompressible in E(K;S3), ∂δ1 bounds a disk in F ′, say δ′1. Note
that δ1 ∩ T = ∅ and δ′1 ∩ T = ∅. Then by using the ambient isotopy on E(K;S3) along
the 3-ball bounded by δ1 ∪ δ′1, we can remove some (non-empty) components of T ∩ F , a
contradiction. Hence F ′ is incompressible in E(L;S3) and is meridionally incompressible
in (E(K1;S3),K2).
Note that it is a well known fact that if a surface has its boundary on a toral bound-
ary component of a compact 3-manifold and it is incompressible, then it is also ∂-
incompressible. Therefore we also see that F ′ is ∂-incompressible in E(L;S3). 
Lemma 4.3. Each component of F ′′ is essential in E(K0;S3).
Proof. Suppose first that some component of F ′′, say F ′′0 , is ∂-parallel in E(K0;S3). Then
by an ambient isotopy on E(K;S3), we can push F ′′0 out of E(K0;S3) and remove some
(non-empty) components of T ∩ F , a contradiction.
Suppose next that F ′′ is compressible in E(K0;S3). Let δ be a compression disk of F ′′.
Since F is incompressible in E(K;S3), ∂δ bounds a disk δ′ in F . Note that δ ∩ T = ∅ and
δ′ ∩ T = ∅. Hence by using the ambient isotopy on E(K;S3) along the 3-ball bounded by
δ ∪ δ′, we can remove some (non-empty) components of T ∩ F , a contradiction. 
Let K0 be a torus knot of type (p, q), f a fiber of E(K0;S3) on ∂E(K0;S3) and µ a
meridian of K1 on E(K1;S3). Let  be a component of F ∩ T . Then by Lemmas 4.1 and
4.3, (, f ) = 0 or |pq|. On the other hand, by Theorem 1.1 and Lemma 4.2, (,µ) = 1
or 2. By [11, Theorem 1.1], we see f is identified with µ. Hence pq = 1 or 2. But this is
a contradiction because K0 is non-trivial.
We have completed the proof of Theorem 1.2.
5. Proofs of Corollaries 1.3 and 1.4
Proof of Corollary 1.3. Set K = K(α,β; r) for some α, β and r . By the definition of K ,
we can divide (K1(r),K) into (V ,∅) and (E(K1;S3),K2), where V is a solid torus and
K1 ∪ K2 is a non-trivial 2-bridge link. By an isotopy, we can assume that each component
of F ∩ V is a meridian disk of V . We moreover suppose that |F ∩ V | is minimal in its
isotopy class. Then by an argument similar to the proof of Lemma 4.2, F ∩ E(K1;S3) is
incompressible in E(L;S3) and meridionally incompressible in (E(K1;S3),K2). Let α be
a boundary component of F ∩E(K1;S3) and µ a meridian of K1 on E(K1;S3). Note that
α bounds a meridian disk in V . By the conclusion (2) of Theorem 1.1, |∂(cl(F\V ))| = 2
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K ⊂ S3, then we see r = 1 or −1. 
Proof of Corollary 1.4. Let K ⊂ S3 be a (1,1)-knot whose exterior contains a closed
orientable essential surface of genus  2 which is meridionally incompressible, and let
(W1,W2;P) be a (1,1)-splitting of (S3,K). Suppose that d(W1,W2) 2. Then by Theo-
rems 2.1, 2.2 and 2.4 of [14], K is one of the following:
(1) a trivial knot,
(2) a 2-bridge knot,
(3) a torus knot,
(4) a satellite knot and
(5) K(α,β; r) for some α, β and r .
By (a) in [5, Theorem 1.1], K is not a 2-bridge knot. Lemma 4.1 implies that K is not a
torus knot, and Theorem 1.2 indicates that K is not a satellite knot. Hence K = K(α,β; r)
for some integers α, β and r . By Corollary 1.3, we see r = 1 or −1. 
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